This paper is a further contribution to the classification of line-transitive finite linear spaces. We prove that if S is a non-trivial finite linear space with the Fang-Li parameter gcd(k, r) is 9 or 10, the group G ≤ Aut(S) is line-transitive and point-imprimitive, then S is the Desarguesian projective plane PG(2, 9).
Introduction
A finite linear space S is an incident structure (P, L) where P is a set of v points and L is a set of b distinguished subsets of P called lines, such that any two points are incident with exactly one line. A linear space S is said to be non-trivial if every line is incident with at least 3 points and b ≥ 2.
An automorphism of S is a permutation of P which leaves the set L invariant. The full automorphism group of S is denoted by Aut(S). Any subgroup of Aut(S) is called an automorphism group of S. If a subgroup G of Aut(S) acts transitively on the set of points (lines, flags), then we say that G is line-transitive (point-transitive, flag-transitive), where a flag is an incident point-line pair (α, λ). Similarly, the automorphism group G is said to be point-primitive (line-primitive) if it acts primitively on points (lines). If the sizes of all lines are equal, then we say that S is a regular linear space. In this paper, we assume that the automorphism group G ≤ Aut(S) is line-transitive. It follows that S is regular, and the line size will be denoted by k. It is well-known that if G is line-transitive then it is also point-transitive( [3] ), and for a non-trivial regular linear space every point lies on the same number r of lines.
In [2] , the line-transitive point-imprimitive linear spaces with the Fang-Li parameter gcd(k, r) ≤ 8 are classified. As an application, C. E. Praeger and S. L. Zhou [20] give the classification of the line-transitive linear spaces with k ≤ 12, extending the Camina-Mischke's one in [5] .
This paper is a continuation of [2] . We extended the classification of line-transitive poinimprimitive linear spaces with the Fang-Li parameter gcd(k, r) up to 10, and proved the following result. Theorem 1.1 Let S be a non-trivial finite linear space with v points and Fang-Li parameter k (r) = 9 or 10. Assume that G ≤ Aut(S) is line-transitive and point-imprimitive. Then S is the Desarguesian projective plane PG(2, 9).
The proof of Theorem 1.1 rely on the realize of the algorithms in [1] and the available theory of finite line-transitive, point-imprimitive linear spaces in [2, 19, 20] .
Combining Theorem 1.1 and [2, Theorem 1.2], we get the following. The structure of the paper is as follows. Section 2 contains some parameters and our hypotheses, Section 3 gives some elementary results on linear spaces which will be frequently used in the proof of our result. In Section 4, we used and realized the algorithms in [1] to produce a list of potential parameters and some group theoretic information for k (r) = 9 or 10. We then made a detailed analysis of each of these potential parameters in Sections 5 and 6.
Definitions and Hypothesis
In this paper, we use the following definitions, notation and hypothesis.
Dlandtsheer-Doyen parameters
If G acts point-imprimitively on P, then P has a non-trivial partition of imprimitivity. Let C = {C 1 , C 2 , · · · , C d } be the partition where
Then there exist two positive integers x, y, such that
where x is the number of inner pairs on a line ( [11] ). Here c, d, x, y are called the DlandtsheerDoyen parameters.
Fang-Li parameters
Let v, b, k be the parameters of S = (P, L), and r =
is the number of lines incident with a given point which is independent of the choice of point by the line-transitivity. Define
Top and Bottom groups
Let C ∈ C, G C be the transitive permutation group on C induced by G, then G C = G/G (C) and it is called the top group( [1] ). Similarly, define the bottom group
, which is the transitive group induced by G on C ∈ C. Moreover, G C is independent of the choice of C in C up to permutation isomorphism. For partitions C, C ′ of P, C refines C ′ if every class of C is contained in a class of C ′ , and this refinement is strict if C = C ′ . We also say that C ′ is coarser or strictly coarser than C. We call a partition minimal if it has no non-trivial strict refinement, maximal if the only G-invariant partition of P that is strictly coarser than C is the trivial partition {P} with only one class. If a partition C of P is both maximal and minimal, then we call G 2-step imprimitive relative to C, in this case, both G C and G C are primitive. So if G is 2-step imprimitive then G C and G C are primitive groups of degree d and c respectively. Relying on the classification of primitive groups of degree less than 4096 (cf. [8, 13, 21] ), if c ≤ 4096 then we know the structure of the bottom group, similarly for d and the top group. This will be frequently used in Sections 5 and 6.
If the subgroup G (C) is transitive on each class of C, then we say that the partition C is G-normal. By [7] , we know that if G is a line-transitive point-imprimitive group of automorphisms of a linear space, then either (i) there exists a non-trivial G-normal point-partition; or (ii) G is point-quasiprimitive and almost simple.
Recall that a finite permutation group G is quasiprimitive if every nontrivial normal subgroup of G is transitive. Equivalently, G is quasiprimitive if every minimal normal subgroup of G is transitive (since overgroups of transitive groups are transitive).
Intersection type and t max
The intersection type and t max will play an important role in our discussion. We give their definitions in the following. 
to be the intersection type of S.
We let the set of non-zero intersection sizes
is the spectrum of S. Since the transitivity of G on L, the intersection type and spectrum are independent of the choice of λ. We sometimes write Spec C (S) if we need to specify the partition C.
, and non-empty subset S ⊆ Spec(S), set d(S) = i∈S d i . Define t max to be the largest positive integer t such that, for all S ⊆Spec(S), and all positive integers h ≤ min{t, d(S)},
Group theory notations and Hypothesis
where Soc(G) denotes the socle of the group G, that is, the product of the minimal normal subgroups of G. Throughout the paper we assume the following Hypotheses.
Hypothesis
Let S be a non-trivial finite linear space with v points and b lines, each of size k, and with r lines through each point. Let G ≤ Aut(S) be line-transitive and point-imprimitive such that C = {C 1 , C 2 , · · · , C d } be a G-invariant partition of P with d classes of size c where c > 1 and d > 1. Also S has the Delandtsheer-Doyen parameters c, d, x, y, the Fang-Li parameters
, t max , the subgroups K, S, X and Y if C is G-normal defined as above.
Some Preliminary Results
The following lemma is essential for the proof of Theorem 1.1. So for the completeness, we give a detailed proof here. 
(ii) If p > k and
Proof: (i) Let p | |G (λ) | and P be a Sylow p-subgroup of G λ for λ ∈ L. If p ∤ |G λ |, then P fixes λ point-wise. So if P fixes two points, it has to fix the unique line point-wise containing the two points. If the set of fixed points F = F ix P (P ) is the line λ, by [6, Lemma 3], we conclude that G is flag-transitive, a contradiction. Thus F has a structure of regular linear space with line size k, therefore,
this is impossible. Thus P = 1. Therefore , there is no p-subgroup fixing a line, then at most one point is fixed by P , that is to say |T | divides v when it has no fixed point or v − 1 when it has one fixed point on P.
Note that if p | |G λ |, (i) also holds. For a primitive permutation group G, we call G is t-transitive if the integer t is the maximal integer such that G is t-transitive. (i) The number b (r) divides each non-trivial subdegree of G C , and in particular, rank(
(ii) The number b (r) divides each non-trivial subdegree of G C , and in particular, rank(
(iii) Moreover, for α ∈ P, b (r) divides each non-trivial subdegree of G P and each orbit length of G α in λ ∈ L and α ∈ λ.
Lemma 3.4 Assume that the Hypothesis holds.
(r) is odd and c is not a prime power, then G C is 2-transitive on C.
(r) is odd and d is a prime power, then G C is not 2-transitive on C.
Lemma 3.5 [6, Lemma 2] Assume that S = (P, L) is a non-trivial linear space admitting a line-transitive automorphism group G. Let λ ∈ L and H ≤ G λ such that, for F := Fix P (H), (i) 2 ≤ |F ∩ λ| < |F |, and (ii) if K ≤ G λ and |Fix P (K) ∩ λ| ≥ 2, and H and K are conjugate in G, then H and K are conjugate in G λ .
Then the deduced linear space S| F = (F, L| F ) has constant line size and N G (H) acts linetransitively on S| F , where
Lemma 3.6 [1, Corollary 4.4] Assume that the Hypothesis holds. Let λ ∈ L and p be a prime dividing |G λ |. Let P be a Sylow p-subgroup of G λ and F = Fix P (P ). Suppose that 2 ≤ |F ∩ λ| < |F |.Then
Lemma 3.7 [1, Theorem 6.1] Assume that the Hypothesis holds and that C is G-normal.
, then G (C) is semiregular on points and lines, |G (C) | = c is odd, and d 1 > 0.
(ii) If x ≤ 8, then G (C) has an abelian subgroup S of index at most 2 such that S is normal in G, semiregular on points, and |S| = c is odd.
(iii) If either of the conditions of (i) or (ii) holds, and if C is minimal, then c is an odd prime power and G C is affine.
Lemma 3.8 [20, Lemma 2.2]
Assume that the Hypothesis hold and that C is G-normal and minimal.
(a) Then C is the set of S-orbits in P and
(ii) Either X ∩ K = 1, or S is elementary abelian. and
, and that one of the following conditions holds.
non-abelian Schur multiplier of a minimal normal subgroup of G C has no section isomorphic to S Then G has a normal subgroup M = T × S where T is a minimal normal subgroup of G and T C is minimal normal in G C . Moreover either (i) T is non-abelian and transitive on P, or
Moreover either M is regular on P or T is not semiregular on P.
Computing parameters
Assuming the Hypothesis holds with k (r) = 9 or 10, we get totally 304 potential parameter sets (called Lines)
by applying Algorithms 1 and 2 in [1] which implemented in GAP( [14] ). For each Line, there is no other partition of P which is neither a strict refinement nor strict coarser than C, so the automorphism group is 2-step imprimitive relative to C. In Section 5, we deal with 33 Lines with k (r) = 9 listed in Table 1 . In Section 6 the remaining 271 Lines which listed in Table 2 .
In Table 1 and Table 2 , we renumber these Lines, called Cases, according to the different parameters
other than the intersection type, so there are 11 Cases in Table 1 and 106 Cases in Table  2 needed to analysis. It is worth mentioning that among the computation of the intersection types, we modified the algorithm by adding the restrictive condition Assume that S has a subgroup G of automorphism group which is line-transitive and point-imprimitive. Then S is the Desarguesian projective plane PG(2, 9).
Proof. We deal with 11 Cases in Table 1 case by case. Cases 1 and 3-5: In each of these Cases, k = 10. Recall that [20] classified the linear spaces with line size at most 12, so by [20, Theorem 1.1], if Case 1 or 4 holds, then S is the Desarguesian projective plane PG(2, 9), and Cases 3, 5 can not occur by [9] .
Case 2: Assume Case 2 holds, then Soc(G C ) is PSL(2, 2 7 ), or A 129 . It follows that there exists a prime p = 127 | |G C |, and so 127 | |G|, we also have p > k = 30, 
Cases 7, 10 and 11: Since k 2 − k + 1 > r, and there exists a prime p > k which is listed in Table 1 , such that p | |G|, but p ∤ v(v − 1), a contradiction. In Table 1 , the symbol (T, p) or (B, p) denotes the contradiction by the Top or Bottom group and the prime p such that p divides the order of the top or bottom group but p does not divides v(v − 1).
Cases 6 and 9: (a) For each Case, the partition C is G-normal, K is semiregular.
For Case 6, suppose first that G is point-quasiprimitive and almost simple, then G C ∼ = G is an almost simple primitive group of degree 49. As G is point-transitive additionally, we 
it follows that d 1 ≤ 1. This is a contradiction because d 1 = 14 or 28 in this Case. Thus K is semiregular, and K ✂ G C , then K is the unique soluble minimal regular normal subgroup of primitive group G C , so K = Z 2 13 , and Y ∩ K = K = S, G/Y ≤ Aut(S) = GL(2, 13). For Case 9, suppose that G is quasiprimitive and almost simple, then G ∼ = G C is an almost simple primitive group of degree 169. Since in Case 9, t max = 2, G is at most two transitive. However, checked by GAP( [14] ), we know that there is no such group satisfying the conditions. Thus the partition C is G-normal relative to K. Moreover, in Case 9, k = 70 and x = 14, so we have that
hence by Lemma 3.7, K is semiregular, and G is affine.
(b) Case 9 can not occur. (
. In this case M is regular on point P, with a unique Sylow 13-subgroup T = Z 2 13 , and T is regular on C. Since the intersection type is (1 42 , 2 14 ), all entries in the C-intersection type are at most 2, no element of S of order 7 fixes a line, for if g ∈ S, o(g) = 7 and g ∈ G λ for some λ ∈ L, then g fixes C ∩ λ for any C ∈ C, particularly, g fixes C ∩ λ for which |C ∩ λ| = 1, thus g has fixed points, contradicting the fact that S is semiregular. Similarly there is no element of order 13 in T fixing a line. Hence M is semirugular on S. So v | b. However, in Case 9,
Let P be a Sylow 11-subgroup of G. Since 11 ∤ b, P ≤ G λ for some λ ∈ L. Moreover, because 11 ∤ |GL(2, 7)|, then if P fixes some C ij setwise, it must fix C ij piontwise. Hence Fix P (P ) is a union of C-classes. Without loss generality, we assume that P = (1, 2, 3, · · · , 11) × (1, 2, 3, · · · , 11) , so Fix C (P ) = {C ij |i, j = 12 or 13}, thus |Fix C (P )| = 4. Furthermore, since the intersection type is (1 42 , 2 14 ) and P ≤ G λ , P fixes setwise the 42 classes C such that |C ∩ λ| = 1 and the 14 classes C setwise such that |C ∩λ| = 2. Since 42 ≡ 9 (mod 11) and 14 ≡ 3 (mod 11), thus P must fix at least 9+3 = 12 classes setwise, a contradiction.
(2.2) Soc(G C ) = P SL(3, 3) 2 and M C ∼ = T C = T . For the Schur Multiplier of PSL(3, 3) is trivial, by Lemma 3.8, either T is transitive on points or the set of T -orbits forms a G-normal partition C ′ satisfying Case 6. In the latter case, T must be abelian, a contradiction. Thus T is transitive on P, then c | |T |, anther contradiction. Therefore Case 9 can not occur. In Table 1 the symbol KSXY refers to the situation that the Case is ruled out by Lemma 3.8. C , M = T ×S, and either T is transitive on P or T induces a G-normal partition of P with 169 parts of size 49. The latter case can not occur because the corresponding Case, i.e., Case 9, has been ruled out in (b). Thus T is transitive on P, then by Lemma 3.8 Soc(G C ) = A 2 7 or P SL(2, 7) 2 , and c | |T |.
Moreover, because 5 ∤ |GL(2, 13)|, then if P fixes some C ij setwise, it must fix C ij piontwise. Hence Fix P (P ) is a union of C-classes. We assume that P = (12345) × (12345) , so Fix C (P ) = {C ij |i, j = 6 or 7}. Thus |Fix C (P )| = 4. Since the intersection type is (1 14 , 2 2 , 3 14 ) in Line 20 and (1 28 , 2 7 , 4 7 ) in Line 21, and P ≤ G λ , similar to the proof of Case 9, we can rule out these two possibilities.
This completes the proof of Proposition 5.1. 6 The case where k (r) = 9
Proposition 6.1 There is no non-trivial line-transitive point-imprimitive finite linear space S with the Fang-Li parameter k (r) is 9.
Proof. Suppose for the contrary that there are line-transitive point-imprimitive symmetric designs with k (r) is 9. Then we need to deal with 106 Cases listed in Table 2 . Here the unstated notations in the last collum of Table 2 please refer to Table 1 . We prove Proposition 6.1 in 7 steps.
Step 1. Rule out 66 Cases.
There are 6 Cases satisfing k ≤ 12 and ruled out by [20, Theorem 1.1], 54 Cases ruled out by Lemma 3.1. For each of these 54 Cases, we have k 2 − k + 1 > r and there exists a prime p > k such that p | |G|, but p ∤ v(v − 1) which contracts Lemma 3.1. The prime p will be listed in the last column of Table 2 .
For Cases 86, 87, 89, 92, 104 and 105, we have G C ≥ A d , but t max = 1 or 2, a contradiction. The symbol (T, t max ) denotes this contradiction.
Step 2. Table 2 refers to this situation.
Step 3. Cases 10, 14, 17, 23, 29, 33, 34 Table 2 , such that p divides |G|, but does not divides b. Thus, in each Case, a Sylow p-subgroup P of G will fix some line λ ∈ L. Let F = Fix P (P ). For the line size k, let k 1 to be the integer such that 0 ≤ k 1 < k and k ≡ k 1 (mod p). In each Case k 1 > 2 and (v − k) ∤ p guarantee that there is at least one point which is not on λ fixed by P . Then by Lemma 3.5, F induces an linear space S| F = (F, L| F ). For this subdesign, the number of the points
But this inequality does not hold in every Case, the desired contradiction.
Step 4. Cases 22 and 30 can not occur.
2 ). Let p = 1367, P ∈ Syl p (G). If G C ≥ A 1370 , then as above paragraph, we can get the desired contradiction. So G C ≥ PSL(2, 37 2 ). Since t max = 1, we have G C A 17798 . For d = 17798 = 22×809, let p = 809, then G has an element g of order 809. Suppose that g has at least one fixed point in C, then it has at least 809 fixed points and q cycles of length p where q ≤ 21. By [22, Theorm 13.10] , |Fix C (g)| ≤ 4q − 4, a contradiction. So g has no fixed point on C. Thus, by [17, Therom 1.1, Table 3 ], there is no such primitive group, a contradiction.
Case 30: Since G C ≥ A 1070 or PSL(2, 1069). Let p = 1063, P ∈ Syl p (G). If G C ≥ A 1070 , similar to Step 3, we can get the desired contradiction. Thus G C ≥ PSL(2, 1069). Because the prime p = 1069 ∤ d, there is a part C ∈ C, such that P ≤ G C , so P C < G C ≤ PGL(2, 1069). Since PGL(2, 1069) is sharply 3-transitive, the nontrivial subgroup P C can fix at most 2 points of C. But according to Lemma 3.6, |Fix C (P )| ≥ 3, a contradiction.
Step 5. Cases 1, 2, 4, 6, 7, 11, 27, 32, 47 and 65 can not occur.
For each Case, we have that k > 2x + 3 2 + 4x − 7 4 . If the partition is G-normal, by Lemma 3.7, then c is a prime power, a contradiction. So G C ∼ = G is quasiprimitive and almost simple. Step 6. Cases 35, 51, 56, 69 and 97 can not occur.
(1) The partition of each Case is G-normal. Otherwise,
there is no such group in Case 35, 56 or 97. Now G ≥ A 103 in Case 51, but here t max is 2, a contradiction. So the partition is G-normal relative to K.
(2) Since x < 8 and C is G-normal in Case 51, it is ruled out by [19, Theorem 1.6] . For
Case 69, we have that k > 2x + 3 2 + 4x − (3, 3) , A 52 has no section isomorphic to S, so either T is transitive on P or T induces a new partition of P with 103 parts of size 52. The latter case can not occur because there is no corresponding Case with (d, c) = (52, 103) in Table 2 . Thus T is transitive on P, and v | |T |, a contradiction. Cases 35 and 56 can be ruled out by the similar method.
For 
, the condition of Lemma 3.8 holds by [18, Theorem 5.1.4], therefore either T is transitive on P or T induces a G-normal partition of P with 257 parts of size 40. The latter case can not occur because there is no corresponding Case. Thus T is transitive on P, and v | |T |, which is impossible.
Step 7. Cases 85 and 101 can not occur.
So the partition is G-normal. Suppose K is semiregular, then c must be a prime power, this contradiction leads to that K is not semiregular. By [19, Prop. 4.3] , Case 85: It can be ruled out by the similar method of Case 101. This complete the proof of Proposition 6.1.
So in this
Corollary 6.2 Let S be a non-trivial finite linear space with the Fang-Li parameter k (r) is 9. If G C ≤ Aut(S) is line-transitive, then G is point-primitive.
Proof of Theorem 1.1 This follows from Propositions 5.1 and 6.1. continued on next page
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